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1. Introduction
We consider the function 
 , (1.1)
where 
  , (1.2)
are the Harmonic numbers and . This function was studied by Apostol-Vu [1] and
Matsuoka [5] who provided an analytic extension for all complex values of  s and discussed its
values and poles at the negative integers. In this note we shall find a relation between the values
 and the numbers  , defined as the convolution.
(1.3)
where are the Bernoulli numbers for and . Thus
2. (1.4)
We have also
. (1.5)
The product of the functions in (1.4) and (1.5) is the generating function of the numbers ,
. (1.6)
The relation between  and the values of  is based on the evaluation of the following
integral
, (1.7)
where is the Hankel contour consisting of three parts: , with the “lower
side”  (i.e. ) of the ray , traced left to right, and  the “upper
side”  ( ) of this ray traced right to left. Finally,  is a
small circle traced counterclockwise and connecting the two sides of the ray. Such contours were
used, for instance, in [2], [3].
We note that convolutions like (1.3) appear in the Matiyasevich version of Miki’s identity
- see [6].
2. Main results
The main results of this article are given in the folowingTheorem and the three corollaries
Theorem.  For ,
, (2.1)
where is the Riemann zeta function and   is the Polygamma function.
3As  is an entire function (from (1.7), this provides an extension of the right hand
side in (2.1) to all complex  s .
(The proof of the theorem is given in Section 3.)
It is easy to see that when  is a negative integer or zero, the integration in (1.7) can be
reduced to  only, as the integrals on  and   cancel each-other. This way for the
coefficients  of the Taylor series (4) we have for 
. (2.2)
We shall evaluate the right hand side of (8) for  by considering three cases,  odd,
, and  even. The results are organized in three corollaries. Before listing these corollaries,
we recall two properties of the Riemann zeta function. For  
 and   . (2.3)
Corollary 1. Let first . Then 
. (2.4)
Proof. From (2.2) we have . In order to evaluate  we use the
well-known property of the Polygamma function
(2.5)
to write 
. (2.6)
Now, for  we have  and 
(2.7)
as follows from the Taylor expansion centered at 
. (2.8)
Thus from (2.1) we find 
4. (2.9)
The values  were computed by Matsuoka [5] as
; (2.10)
(note that Matsuoka worked with the function ). Therefore, equation (2.4)
follows from (2.9) and (2.10). 
We note that  was also evaluated in [1], but incompletely (missing the second
term on the right hand side in (2.10).
Now consider the case  in (2.1), i.e.  in (2.2). 
Corollary 2. In a neighborhood of zero,
, (2.11)
where  is the Euler constant.
Proof. As found in [1] and [5], the function  has a simple pole at  with residue  ½ . In
order to establish (2.11) we need to evaluate   at zero. The functions  and
 have at zero residues 1 and  ½ correspondingly, and so the function
  (2.12)
does not have a pole at . Moreover, one easily finds that at zero 
. (2,13)
Next we rewrite (2.1) in the form
(2.14)
 and also compute the coefficient  from  (3) . From (2.13) and (2,14) we find 
, (2.15)
5which proves (2.11).
Finally, we compute  for even .
Corollary 3. For , in a neighborhood of   the function  is
represented as
, (2.16)
and in a neighborhood of ,
 . (2.17)
Proof. Apostol-Vu [1] and Matsuoka [5], showed that the function  has simple poles
at the negative odd integers  with residues . The same is true for the
function , as follows from the Taylor expansion at ,
. (2.18)
We substitute this in (2.1) written in the form
, (2.19)
to get
(2.20)
.
From here, evaluating both sides for ,
(2.21)
and as  and , we obtain (2.16) .
When , we have , , , and by
6direct computation from (1.3), . Thus (24) follows from (2.21).
3. Proof of the theorem
Here we evaluate the integral in (1.7)
, (3.1)
where the contour L is described in the introduction. We choose  and set . The
integral over  becomes zero, as the function
(3.2)
is holomorphic in a neighborhood of zero. Noticing that   on   and  on ,
we find that
. (3.3)
Next,
. (3.4)
We shall evaluate the two integrals on the right hand side in (3.4) one by one. First we use the
expansion
(3.5)
7(see [4, (7.57), p. 352]). Multiplying this by   and integrating from zero to infinity, we find
that
. (3.6)
Next, differentiating for  the representation
, (3.7)
we obtain
. (3.8)
From (3.4), (3.6) and (3.8) 
, (3.9)
and therefore,
. (3.10)
Finally, (2.1) follows from here in view of the identity
. (3.11)
The proof was done for , but since the integral in (2.1) exists for all complex , the
representation hold for all  s.
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